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Abstract In this study theoretical principles underlying the photothermal method
for determining thermal properties of opaque multilayered and functionally graded
coatings are analyzed. The method is based on irradiation of the assembly by the
repetitive pulse of focused laser radiation that is absorbed in the subsurface region
and causes non-uniform heating and buckling of a coating. The irradiated surface of
a coating is monitored by a low power beam of a second laser that is reflected from
the specimen. The deflection angle of the monitoring beam, as a function of time,
contains the relaxation and the “wave” components. It is shown that the phase of the
“wave” component depends on the thermophysical properties (e.g., thermal diffusivity
or thermal conductivity) of a coating. These properties can be determined by compar-
ing experimentally measured values of the phase shift of the “wave” component with
the theoretical values obtained from the analytical solution of the two-dimensional
thermal elasticity problem for a multilayered coating–substrate assembly.
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I0 Laser beam power absorbed by a coating
I (t) Laser beam power
Ji (x) i th order Bessel function of the first kind
r Radial coordinate
r0 Radius of a laser beam
s, p Parameters of Laplace–Hankel transforms with respect to t and r ,

respectively
t Time
T Temperature
T (s, p, z) Laplace–Hankel transform of temperature
w Axial components of displacement
z Axial coordinate
α Coefficient of linear thermal expansion
� Coating thickness
ε Monitoring beam deflection angle
λ Thermal conductivity
ν Poisson’s ratio
σ0 Optical absorption coefficient
τ0 Duration of a single laser pulse
ω Modulation cyclic frequency of a power laser beam
�	 Phase shift

Subscripts
0 Substrate
g Air
k = 1,…, n Number of a layer in a coating
m Number of harmonics

1 Introduction

The determination of physical properties of thin coatings, interlayers, and interfaces is
required in many fields of technology, e.g., electronics, design of advanced functionally
graded materials, optics, etc. The photothermal method is used for measuring phys-
ical characteristics and has a number of advantageous properties over the traditional
methods, e.g., absence of mechanical contact with the investigated sample, ability to
distinguish surface and bulk characteristics, and high accuracy of measurements of
the optical and thermal properties of solids. This method is based on local heating
of the investigated sample by modulated radiation of a power laser. The absorbed
electromagnetic radiation is converted into heat and causes a local increase of tem-
perature and generation of thermal waves in an illuminated specimen. The amplitude
and the phase of these thermal waves depend on the thermophysical properties of a
specimen, properties of surfaces and interfaces, and the presence of subsurface defects
and cracks. There are a number of photothermal techniques for measuring physical
properties of materials (for an overview of the photothermal techniques, see [1]), e.g.,
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photothermal displacement spectroscopy [2–5], photoacoustic spectroscopy [6–8],
photothermal radiometry [9,10], and the “mirage effect” associated with deflection of
the monitoring beam caused by a gradient of the refractive index of air in the vicinity
of the heated surface [11,12]. A limitation of the latter method is that the optical char-
acteristics, e.g., absorption coefficient of the heated surface and physical properties
of the surrounding air influence the measured parameters of the monitoring beam. In
contrast to this, the photothermal displacement method is not sensitive to the optical
characteristics of the heated surface. The incident angle of the monitoring beam can
be chosen sufficiently small so that the effect of the gradient of the refractive index of
air on the deflected beam can be neglected.

In this study we explore theoretically the feasibility of using the photothermal dis-
placement method for determining thermal characteristics of a thin coating deposited
on a substrate (no experimental results are reported). This method has some advanta-
geous properties in comparison with the above described photothermal methods [2],
especially high sensitivity to the variations of the physical characteristics of the thin
coatings. The physical basis for this method is local heating of a coating by a repetitive
pulse of a power laser that causes non-uniform deformation (buckling) of a coating
and a substrate. The heated region of a coating is monitored by a narrow low power
beam (monitoring beam) of a second laser that is reflected from a coating and does
not heat a specimen. Because of a non-stationary buckling of a surface, the reflected
monitoring beam alternates between paths 4 and 5 (see Fig. 1), and the system oper-
ates as a convex “thermal mirror” [13] with a time-dependent focal distance, i.e., as
a quasi-optical system that is formed by local heating of a coating. We suggest using
two parallel monitoring beams in order to minimize the influence of the heated air in
the vicinity of the heated coating on the beam deflection angle (“mirage effect”). The
distance between two parallel beams is chosen in the range (1–2) r0 in order to obtain
the maximum values of the deflection angle ε. In this case the temperature difference
between the locations where two beams are reflected from the sample is small, and
the changes of the deflection angles of two beams induced by heated air are nearly the
same. Consequently, the contribution of the “mirage effect” to the measured difference
|ε1 − ε2| can be considerably reduced.

In the previous study [13] we proposed an algorithm of the “thermal mir-
ror” method for determining physical properties of multilayered coatings. The
method is based on irradiation of a coating by a short single pulse of a power
laser and measurement of the temporal relaxation of the monitoring beam deflec-
tion angle ε. In the present study we suggest using the repetitive pulses (with a
frequency ω) of a power laser for heating the investigated assembly. In this case
the deflection angle ε that is registered in the experiment, contains the relaxa-
tion εrel (the principal measured parameter in [13]) and the “wave” εw compo-
nents. The component εrel is caused by the transient diffusion of thermal energy
from the coating into the substrate and the component εw (the principal mea-
sured parameter in the present study) arises due to the modulated heating of the
coating. The obtained signal can be expanded in a Fourier series which comprise
harmonics with the frequencies ω, 2ω, 3ω, . . .. In this manner using the repetitive
pulses we obtain the response of the quasi-optical system in a wide range of fre-
quencies. Comparing experimentally measured phase data of the “wave” component
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Fig. 1 Schematics of the
photothermal displacement
method. 1—heating laser beam;
2—position sensor; 3—splitted
monitoring laser beam; 4,
5—reflected monitoring beam
before and after heating by a
power laser beam
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with the theoretically predicted values obtained from solution of the non-stationary
two-dimensional thermal elasticity problem allows determination of the thermal char-
acteristics of a thin coating. The sensitivity of the phase data of the component εw

to variations of thermophysical characteristics of a coating is significantly higher
than the sensitivity of the amplitude data, i.e., the phase of εw is more important, in
comparison with the amplitude, for experimental determination of thermal proper-
ties.

The photothermal method can be used also in the case of a coating manufactured
from a functionally graded material (FGM). The FGM coatings are prepared by the
“layer by layer” method whereby the volumetric content of the ceramics (e.g., WC,
ZrO2) changes from layer to layer in order to produce the desired gradient of physical
properties in a normal direction. The photothermal method can be used for determin-
ing thermophysical properties after deposition of each individual layer (i.e., layer by
layer), until completion of the formation of a coating.

2 Solution of Equations of Thermal Elasticity

Consider an opaque coating–substrate assembly heated by repetitive pulses of a
power laser beam propagating in a direction normal to the coating. The temperature
distribution Tk(r, z, t) in a multilayer coating–substrate assembly is governed by a
non-stationary two-dimensional heat conduction equation:

ck
∂Tk

∂t
= λk

[
1

r

∂

∂r

(
r
∂Tk

∂r

)
+ ∂2Tk

∂z2

]
. (1)
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The initial and “far-field” boundary conditions to Eq. 1 read

Tk |t=0 = ∂Tk

∂r

∣∣∣∣
r→∞

= ∂Tk

∂z

∣∣∣∣
z→±∞

= 0, (k = 0, 1, . . . , n). (2)

The “external” boundary condition at the irradiated surface (k = n) that is exposed to
the air is as follows:

Tn = Tg, λn
∂Tn

∂z
− λg

∂Tg

∂z
= I0σ0 exp

(
−r2

r2
0

)
f (t) . (3)

These initial and boundary conditions must be supplemented by temperature and heat
flux continuity conditions at the interface z = �k (k = 0 for a substrate):

Tk = Tk+1, λk
∂Tk

∂z
= λk+1

∂Tk+1

∂z
, (4)

where

f (t) =
{

1, 0 < t < τ0,

0, τ0 < t < τ0 + τ,
f (t) = f [t + i (τ0 + τ)] , i = 1, 2, . . . (5)

is a periodic function with a period (τ + τ0), and σ0 is a surface absorption coefficient
of the coating. It is assumed that the coating is optically thick (σ0�n � 1) since the
absorption length is small in comparison with its thickness. In a previous study [13],
we obtained the solution of the thermal conductivity problem for an opaque coating–
substrate assembly heated by a short single pulse of a power laser beam in the case
of a small Fourier number, Fo = ant/�2 � 1. In the present study an investigated
assembly is heated by repetitive pulses of a power laser beam and solution of the heat
conduction problem is obtained without any limitation on the Fourier number.

Applying the Laplace–Hankel transform to Eqs. 1–5, we obtain the following equa-
tions:

d2T̄k

dz2 =
(

s

ak
+ p2

)
T̄k, (6)

T̄k
∣∣
t=0 = ∂ T̄k

∂r

∣∣∣∣
r→∞

= ∂ T̄0

∂z

∣∣∣∣
z=−∞

= 0, (7)

λn
∂ T̄n

∂z
− λg

∂ T̄g

∂z
= I0σ0r2

0

2
× exp

(
−p2r2

0 /4
)

f̄ (s)

at the surface of a coating (z = �n),

T̄0 = T̄1, λ1
∂ T̄1

∂z
= λ0

∂ T̄0

∂z
(8)
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at z = 0,

T̄k = T̄k+1, λk
∂ T̄k

∂z
= λk+1

∂ T̄k+1

∂z
, (9)

and

f̄ (s) = 1 − exp (sτ0)

s

∞∑
n=0

exp [−ns (τ0 + τ)] = 1 − exp (−sτ0)

s {1 − exp [−s (τ0 + τ)]} , (10)

where

T̄i (s, p, z) =
∞∫

0

∞∫
0

Ti (t, r, z) exp (−st) r J0 (pr) dtdr,

f̄ (s) =
∞∫

0

f (t) exp (−st) dt. (11)

The general solution of Eq. 6 reads

T̄n+1 = Mn+1 exp (−γn+1z) (12)

in the air above a coating,

T̄k = Mk exp (−γk zk) + Nk exp (γk zk) (13)

in the multilayered coating, 0 < zk < �k, k = 1, 2, 3, . . ., n;

T̄0 = N0 exp (γ0z) (14)

in the substrate. Here γk =
√

s
ak

+ p2, N0, Mk, Nk , and Mn+1 are integration con-

stants.
We use the recursion procedure for determining these integration constants. To this

end, let us represent the integration constants in the following form:

Mk = Ak N0 f̄ (s) , Nk = Bk N0 f̄ (s) . (15)

Using the continuity conditions of Eq. 9 for temperature and heat flux, we obtain the
expressions for the coefficients A1, B1 in the layer of a coating adjacent to a substrate
(k = 1):
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A1 = 1

2

(
1 − λ0γ0

λ1γ1

)
, B1 = 1

2

(
1 + λ0γ0

λ1γ1

)
. (16)

Substituting Eq. 15 into the continuity conditions of Eq. 9 for k > 1 yields the follow-
ing recursive relations:

Ak = λ+
k−1 exp (−µk−1) Ak−1 + λ−

k−1 exp (µk−1) Bk−1, (17)

Bk = λ−
k−1 exp (−µk−1) Ak−1 + λ+

k−1 exp (µk−1) Bk−1, (18)

µk (s) = γk�k, λ±
k−1 = 1

2

(
1 ± λk−1γk−1

λkγk

)
. (19)

The boundary condition at the surface of a coating after substitution of Eqs. 17– 19
yields

N0 (p, s) = I0σ0r2
0 �n exp

(−p2r2
0 /4

)
2λnµn

[−Anλ−
g exp (−µn) + Bnλ

+
g exp (µn)

] , (20)

where λ±
g = 1

2

(
1 ± λgγg

λnγn

)
.

Substituting Eqs. 15–20 into Eqs. 12–14 allows determination of the Laplace–Han-
kel transform of the temperature distribution in the assembly that is used further for
solution of the two-dimensional equations of thermal elasticity.

Expression for the monitoring beam deflection angle is based on the solution of the
equations of thermal elasticity which have been obtained in our previous study (for
details, see [13]):

ε̄ (r, s) = 2

∣∣∣∣∂w̄

∂r

∣∣∣∣
z=�n

= 4α0 (1 + ν)

∞∫
0

{
θ̄0 (p) + 1

2 (1−ν)

n∑
k=1

αk

α0

[
1 + (1−2ν)

Gk

G0

]

×θ̄k(p)

}
p2 J1 (pr) dp, (21)

where w̄ is the Laplace transform of the axial displacement at the surface exposed to
the power laser beam,

θ̄0 =
0∫

−∞
T̄0 (z0) exp (pz0) dz0, θ̄k =

�k∫
0

T̄k (z0)dz0. (22)

Taking into account Eqs. 13, 14, and 22, we can rewrite Eq. 21 as follows:

ε̄ (r, s) = 4α0 (1 + ν) f̄ (s)

∞∫
0

Q (p, s) p2 J1 (pr) dp, (23)
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where

Q (p, s) = N0

{
1

γ0 + p
+ 1

2 (1 − ν)

n∑
k=1

αk

α0

[
1 + (1 − 2ν)

Gk

G0

]
�k

µk

×[
(1 − exp (−µk)) Ak + (exp (µk) − 1) Bk

]}
. (24)

In order to determine the inverse Laplace transform of Eq. 23, we use the decomposi-
tion theorem,

L−1
[

	(s)

 (s)

]
=

∑
sm

	(sm)

(∂/∂s)|s=sm

exp (smt) , (25)

where sm are the roots of the equation (sm) = 0. The inverse Laplace transform of
Eq. 23 contains the relaxation εrel and the “wave” εw components. The first component
is determined by the branching points of the functions N0 (see Eqs. 20 and 24) and
does not depend on the frequency of modulation of the heating laser pulse. We are
interested in the phase of the “wave” component εw (the principal measured parameter
of the photothermal method) which is determined by simple poles sm of the function
f̄ (s) (see Eqs. 10 and 23) which are located on the imaginary axis:

 (sm) = 1 − exp [−sm (τ0 + τ)] = 0. (26)

Solution of Eq. 26 reads

sm = ±imω, m = 1, 2, 3 . . . n, i = √−1, (27)

except for the case when 2mτ0
τ0+τ

= N is an integer, ω = 2π/(τ0 + τ) is a cyclic
frequency.

Let us determine the inverse Laplace transform of Eq. 23 using Eqs. 25 and 27.
Substituting the roots sm given by Eq. 27 into Eqs. 17– 19, 23, and 25 yields

εw (r, t) = 2α0 (1 + ν)

π

∞∑
m=−∞

[
1 − exp(−imωτ0

]
m

exp [i(mωt − π/2]

∞∫
0

|Q (p, sm)|

× exp (−iδm) p2 J1 (pr) dp. (28)

Here

ϕk = tan−1
(

mω

ak p2

)
, µk = p�k√

cos ϕk
[cos (ϕk/2) + i sin (ϕk/2)] ,

δm = tan−1
[

Im (Q (p, sm))

Re (Q (p, sm))

]
.
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Taking into account that

Re [Q (sm)] = Re [Q (−sm)] , Im [Q (sm)] = −Im [Q (−sm)] ,

after some algebra, Eq. 28 can be rewritten as follows:

εw (r, t) = 8α0 (1 + ν)

π

∞∑
m=1

sin (mωτ0/2)

m

∞∫
0

|Q (p, sm)| cos [mω (t − τ0/2) − δm]

×p2 J1 (pr) dp. (29)

The “wave” component of the beam deflection angle εw given by Eq. 29 can be rewrit-
ten as

εw (r, t) =
∞∑

m=1

Em (r) cos [mω (t − τ0/2) − �	m] , (30)

where the expressions for the amplitude Em and the phase shift �	m of the deflection
angle εware as follows:

Em = 8α0 (1 + ν)

π

sin (mωτ0/2)

m

√
I 2
c + I 2

s , �	m = tan−1 Is

Ic
, (31)

Ic =
∞∫

0

|Q (p, sm)| cos (δm) p2 J1 (pr) dp, (32)

Is =
∞∫

0

|Q (p, sm)| sin (δm) p2 J1 (pr) dp. (33)

The amplitude Em and the phase shift �	m in Eqs. 31–33 depend on the frequency
ω and physical characteristics of a coating.

Let us determine the phase shift �	m in a particular case when a coating is removed
(� = 0). The temperature distribution in a substrate given by Eq. 14 reads

T̄0 = I0σ0r2
0 exp

(−p2r2
0 /4

)
exp (γ0z)

2λ0
[
γ0 + (

λg/λ0
)
γg

] f̄ (s) . (34)

Substituting Eq. 34 into Eq. 21 and, taking into account that λg/λ0 � 1 (in the case
of a metallic substrate), we arrive at the following expression for the beam deflection
angle:

εw (r, t) = 4I0σ0r2
0 α0 (1 + ν)

πλ0

∞∑
m=1

sin (mωτ0/2)

m

∞∫
0

R (p) cos [mω (t − τ0/2) − δm]

×J1 (pr) dp, (35)
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where

R (p) = cos ϕ0 exp(−p2r2
0 /4)√

1 + 2
√

cos ϕ0 cos(ϕ0/2) + cos ϕ0
, ϕ0 = tan−1

(
mω

a0 p2

)
, (36)

δm = tan−1
(

sin ϕ0 + √
cos ϕ0 sin (ϕ0/2)

cos ϕ0 + √
cos ϕ0 cos (ϕ0/2)

)
, Ic =

∞∫
0

R (p) cos (δm)J1 (pr) dp

(37)

Is =
∞∫

0

R(p) sin (δm)J1 (pr) dp, �	m = tan−1
(

Is

Ic

)
. (38)

In this case the phase shift �	m of the monitoring beam depends only on the ther-
mal diffusivity a0. Equations 36–38 can be simplified for the high magnitude of the

modulation frequency ω, i.e., for a0 p2

mω
� 1 :

ϕ0 = tan−1
(

mω

a0 p2

)
≈ π

2
− a0 p2

mω
, �	m ≈ π

2
−

√
2a0

mω

I3

I2
, (39)

where

In =
∞∫

0

exp
(
−p2r2

0 /4
)

(p)n J1 (pr) dp.

Equation 39 implies that �	m → π/2 in the high modulation frequency range.
The measured photothermal signal by the position sensor expanded in harmonic

series terms is determined by Eq. 30. The amplitude Em and the phase shift �	m

depend on the laser operating parameters (power I0, beam radius r0), thickness of a
coating and thermal characteristics of a coating and a substrate. Function f (t) that
describes the temporal dependence of the power I (t) of a heating laser beam can be
expanded in a Fourier series:

f (t) = L−1 [
f̄ (s)

] = τ0

τ0 + τ
+ 2

π

∞∑
m=1

sin (mωτ0/2)

m
cos [mω (t−τ0/2)]. (40)

Equations 30 and 40 imply that the function �	m is the phase shift between beam
power I (t) and the monitoring beam deflection angle εw. Comparing the measured
values of the amplitude Em and the phase shift �	m , corresponding to a frequency
spectrum mω(m = 1, . . ., n), with the theoretically predicted values from Eq. 30 it is
possible to determine the physical characteristics of a coating. The amplitude Em also
depends on the laser beam parameters (power I0 and beam radius r0) and the surface
reflectivity σ0 which can be measured with the error depending on the experimental
conditions. The latter decreases the accuracy of the photothermal method. The phase
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�	m does not depend on I0 and σ0. Besides, calculations show that the phase �	m

is significantly more sensitive (in comparison with Em) to variations of the physical
characteristics and, therefore, is adopted as the principal measured parameter of the
suggested method.

3 Results and Discussion

A typical photothermal displacement measuring device and the experimental configu-
ration which employs the beam deflection scheme are described in [2]. The modulated
pulse of a power laser is directed normally onto the specimen and causes the non-
uniform heating and buckling of a coating–substrate assembly. The monitoring beam
of a second laser is reflected from a coating at an angle ε that depends on the temper-
ature and strain fields and, consequently, upon the physical properties of a specimen.
The periodic change of the temperature and displacement of a coating cause a periodic
change of the deflection angle ε that is registered by a sensitive position sensor. Usu-
ally, the photothermal displacement is a small perturbation of the irradiated surface.
When the temperature rise T1(r = 0, z = �) is of the order of 10 K, the maximum
value of the deflection angle is of the order of 10−6 rad which can be registered by a
standard device (Olmstead et al. [2] measured a slope of 10−8 rad). The monitoring
laser beam is divided into two parallel beams: the first beam strikes the specimen at
r = 0 (axis of a power laser beam) while the second beam strikes at a distance r from
the axis. If the optical system is positioned precisely, the deflection angle of the first
(reference) beam does not change during the stage of heating of the specimen, and
the second beam is reflected at a different angle measured by the position sensor. The
beam deflection angle ε which is a principal measured parameter of the photothermal
method, is determined by the following relation:

ε = d − d0

L
, (41)

where d0 and d are the distances measured by the position sensor between the two
monitoring beams before and during the stage of heating, respectively, and L is the
distance from the specimen to the sensor. This scheme which employs the reference
monitoring beam increases the accuracy of measurements.

The signal registered by the position sensor is stored in a computer for further Fou-
rier analysis based on the known modulation frequency ω. As a result of the analysis,
the beam deflection angle is obtained in the following form:

εw =
∞∑

m=1

E ′
m cos

[
mω (t − τ0/2) − �	′

m
]
. (42)

Here E ′
m and �	′

m are the amplitude and phase shift of the beam deflection angle
obtained by Fourier analysis of experimental data. The theoretical values of the phase
shift �	m are determined in Eq. 30. The physical characteristics of a coating can be
determined by fitting the experimental and theoretical values of �	m . Equation 30
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includes several parameters, e.g., thermal diffusivity, thermal conductivity, linear ther-
mal expansion coefficient, coating thickness, etc., which are not known with high
precision. These parameters are determined by fitting the experimental data to the
calculated values using an algorithm described in [11].

The suggested procedure for determining the physical characteristics of a coating
comprises the following stages:

(a) Measuring the phase shift �	m for a substrate (without a coating) by a photo-
thermal method and determining the thermal diffusivity a0 using Eqs. 35–38. The
calculated value of thermal diffusivity a0 is compared with the results obtained
previously by traditional experimental methods. This allows determining the
accuracy of the photothermal method and checking positioning of the power and
monitoring laser beams.

(b) Determining physical characteristics (ak, λk, αk) after deposition of every indi-
vidual layer of a coating beginning with a first layer deposited on a substrate and
ending with the external layer. Since physical characteristics vary from layer to
layer, the surface displacement wn , the monitoring beam deflection angle εw and,
consequently, the phase shift �	mchange with increasing number of layers in a
coating. Therefore, by measuring the phase shift before and after deposition of a
layer k and, comparing the results of measurements with theoretical predictions,
allows determining physical properties of this layer.

Assume that the parameters of a repetitive laser beam are as follows: the normalized
pulse duration τ0/(τ0 + τ) = 1/3, r0 = 1 mm, the rest of the parameters do not
influence �	m . In this study we considered the following assemblies:

Assembly #1 - Three-layer coating deposited on a Ni substrate. The coating is com-
posed of the compound ZrO2 (20 vol%) + Ni (80 vol%), ZrO2 (40
vol%) + Ni (60 vol%) and ZrO2 (80 vol%) + Ni (20 vol%) for the
internal (k = 1), intermediate (k = 2), and external layers (k = 3),
respectively. This assembly is characterized by a low thermal conduc-
tivity of a coating and a high thermal conductivity of a substrate.

Assembly #2 - Three-layer coating deposited on a high-speed (HS) steel substrate.
The coating is composed of the compounds WC (20 vol%) + steel (80
vol%), WC (40 vol%) + steel (60 vol%), and WC (80 vol%) + steel
(20 vol%) for the internal, intermediate, and external layers, respec-
tively. The thermal characteristics of a coating and a substrate are of
the same order (see Table 1). The values of the properties of metals in
the substrates which are used in computations are given in [14]. Phys-
ical properties of the composite materials constituting the coatings
are calculated as the volume averaged values [15].

Consider the results obtained for these assemblies. For the purpose of illustra-
tion of the results we use the difference 	m = (π/2 − �	m) instead of �	m .
Numerical results are obtained for the distance between the power laser beam and
the monitoring beam axes r = 1 mm and 2 mm for assemblies #1 and #2, respec-
tively. Figures 2 and 3 show the dependencies of the phase shift 	m (m = 1, 2)

versus the thickness �k (k = 1, 2, 3) for assemblies #1 and #2, respectively. Curves
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Table 1 Thermophysical and mechanical properties of materials

Material λ (W · m−1 · K−1) a (10−6 m2 · s−1) α (10−6 K−1) G (GPa)

Ni 69 15.0 15.5 78

ZrO2(20 vol%)/Ni 9.0 1.92 14.4 77

ZrO2(40 vol%)/Ni 4.8 1.0 13.3 76

ZrO2(80 vol%)/Ni 2.48 0.5 10.8 75

HS steel 31 4.8 13 77

WC(20 vol%)/steel 32.5 5.5 8.6 120

WC(40 vol%)/steel 34.1 6.3 6.6 162

WC(80 vol%)/steel 37.8 8.8 5.3 218
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Fig. 2 Dependence of the phase shift 	m versus thickness �k of ZrO2/Ni coating for two modulation fre-
quencies, 5 kHz (curves 1–4) and 2 kHz (curve 5). Curve 1—one-layer coating, m = 1; Curve 2—two-layer
coating, �1 = 10 µm, m = 1; Curves 3, 5—three-layer coating, �1 = �2 = 10 µm, m = 1; and Curve
4—three-layer coating, m = 2

1 and 2 are obtained for a one-layer coating (k = 1), curves 3, 4—for a two-layer
coating (�1 = 10 µm, k = 2), curves 5, 6—for a three-layer coating (�1 = �2 =
10 µm, k = 3). Calculations showed that the phase shift changes significantly with
increasing number of layers m deposited at a substrate (especially, for assembly #1).
For example, after deposition of the external layer with the thickness �3 = 4 µm,
the phase shift increases from 255 mrad to 338 mrad (see Fig. 2, curves 2 and 3).
Therefore, the proposed photothermal method can be used for measuring properties
of thin layers. Calculations performed for assembly #1 showed that the phase shift
is a non-monotonic function of the thickness �k . The phase shift increases for small
values of �k and decreases with increase in the thickness (curves 1 and 2 attain the
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Fig. 3 Dependence of the phase shift 	1 (solid lines) and 	2 (dashed lines) versus thickness �k of
WC/steel coating for ω = 5 kHz. Curves 1, 2—one-layer coating, Curves 3, 4—two-layer coating, and
Curves 5, 6—three-layer coating

maximum values for �1,�2 ≈ 25 µm). The obtained values of the phase shift are
sufficiently large and can be registered by commercially available devices. In order to
obtain higher magnitudes of the phase shift in the case of a thickness �k > 30 µm, it
is necessary to decrease the modulation frequency ω (see curve 2, Fig. 2) of a heating
laser beam. In the case of assembly #2, the dependence 	m(�k) is more involved. The
phase shift 	m is significantly lower for assembly #2 in comparison with assembly #1
because the thermophysical characteristics of a coating and a substrate for assembly
#2 are close, and deposition of the additional layer only weakly affects the temperature
distribution in the assembly. The maximum magnitude of 	m strongly depends on the
modulation frequency ω. In the case of assembly #2, the phase shift 	m is an increas-
ing function of �k for one- and two-layer coatings (see curves 1–4, Fig. 3) and is a
decreasing function for a three-layer coating (see curves 5 and 6, Fig. 3). Therefore,
it is desirable to decrease the modulation frequency as the number of the deposited
layers in a coating increases. We investigated the dependence of the phase shift on
the modulation frequency ω (curves 1–4 and 5 in Fig. 3 are obtained for three- and
two-layer coatings, respectively). It was found that the function 	m decreases with
increase of the modulation frequency ω (see Fig. 4), and an especially sharp decrease
occurs in the frequency range ω > 20 kHz in the case of a three-layer coating (see
curves 1–4 in Fig. 4). In a high frequency range ω > 100 kHz, the phase shift 	m tends
to zero (similarly to a case without a coating) regardless of the thermal characteristics
of a coating, and the sensitivity of the phase measurement sharply decreases. There-
fore, it is desirable to perform the photothermal experiment in the range of moderate
modulation frequencies, ω < 20 kHz.
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Fig. 4 Dependence of phase shift 	m and 	̄m versus modulation frequency ω for ZrO2/Ni (curves 1, 2)
and WC/steel (curves 3–5) coatings, respectively. Curves 1, 3, 5—m = 1, Curves 2, 4—m = 2

We studied also the sensitivity of the phase measurements to variations of ther-
mal diffusivity a/a3, thermal conductivity λ/λ3, and the coefficient of linear thermal
expansion α/α3 of the external (k = 3) layer of a coating (a, λ, α are varied values of
thermal diffusivity, thermal conductivity, and coefficient of linear thermal expansion,
respectively). Thermal characteristics a3, λ3, α3 are reported in Table 1, the remain-
ing parameters are as follows: the frequency ω = 10 kHz, the thickness of the layers
�1 = �2 = �3 = 10 µm, and the normalized pulse duration τ0/(τ0 +τ) = 1/3. One
of the characteristics is varied in the range 0.5 < a/a3, λ/λ3, α/α3 < 1.5, while the
remaining two characteristics remains unchanged. Calculations showed that the phase
shift 	m is very sensitive to variations of the physical characteristics, especially, varia-
tions of a/a3 and α/α3 (see Figs. 5, 6). It has been found that a maximum of sensitivity
of the phase shift 	m to variations of the physical characteristics is achieved in the
frequency range 5 kHz < ω < 20 kHz and 1kHz < ω < 20 kHz for assemblies #1 and
#2, respectively. In the low frequency range ω < 1kHz, the values of the phase shift 	m

are larger than in a range 1 kHz < ω < 20 kHz, but the sensitivity of	m to variations of
the thermophysical properties in a low frequency range sharply decreases. For example,
the values of the phase shift for assembly #2 are 	m = (140.2, 100.7, and100.4)mrad
for ω = 1 kHz and 	m = (172, 33.7, and − 1)mrad for ω = 10 kHz for three differ-
ent values of the thermal diffusivity, a/a3 = 0.5, 1, and 1.5, respectively (see Fig. 6).
Clearly the frequency ω = 10 kHz is preferable to the frequency 1 kHz. In spite of
the relatively large values of the phase shift 	m in a frequency range ω < 1 kHz,
the sensitivity of the method in this frequency range is low. On the other hand, we
found that the sensitivity significantly decreases for ω > 20 kHz. For example, the
phase shift 	1 varies (due to variation of the thermal diffusivity a/a3, see Fig. 5) from
500 mrad to 217 mrad at ω = 10 kHz and from 230 mrad to 133 mrad at ω = 20 kHz.
Consequently, the photothermal experiment should be performed in a range of mod-
erate modulation frequencies 1 kHz < ω < 20 kHz. In the high frequency range
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Fig. 5 Phase shift 	1 (curves 1, 3, 5) and 	2 (curves 2, 4, 6) as functions of normalized thermal charac-
teristics a/a3 (curves 1, 2), λ/λ3 (curves 3, 4), and α/α3 (curves 5, 6) for a three-layer ZrO2/Ni coating

ω > 100 kHz the phase shift 	m tends to zero (similarly to a case without a coating)
independent of the magnitudes of the thermal characteristics of a coating, and the sen-
sitivity of the phase measurement sharply decreases. Calculations conducted for one-,
two-, and three-layer coatings showed that the sensitivity of the phase measurements
to variations of physical properties decreases as the number of layers in a coating
increases. In order to overcome this tendency, it is desirable to reduce the modulation
frequency ω of the heating laser beam as the number of layers increases.

We compared the computed phase shift 	m of the deflection angle ε with the exper-
imental values of the phase of the surface temperature obtained for a two-layer coating
(Ni/SiO2)-substrate (Si) assembly in a range of modulation frequency 2 kHz < ω <

20 kHz [16]. These experimental results are obtained using the method of photoacou-
stic spectroscopy that is based on the modulated heating of the sample surface. As a
result, the acoustic waves propagate in the gas cell. Measurements of the pressure of
the acoustic waves allow determination of the phase data of the modulated one-dimen-
sional temperature rise of the sample surface. In the present study we obtained the
phase shift in a case of the two-dimensional temperature rise. It must be emphasized
that in this case application of the photoacoustic spectroscopy method is much more
involved because of the convective flow of gas along the sample surface caused by
a non-uniform temperature distribution. Consequently, the comparison between the
theoretical values of the phase shift �	m (see Eq. 31) and the experimental results is
indirect and only qualitative. Nevertheless, experimental data show that the phase shift
changes from −520 mrad to −310 mrad when the frequency is increased from 2 kHz
to 20 kHz [16], while the calculated values of the phase shift change from −205 mrad
to 31 mrad. In both cases the phase shift is an increasing function of frequency.
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Fig. 6 Phase shift 	1 as function of normalized thermal characteristics a/a3 (curve 1), λ/λ3 (curve 2),
and α/α3 (curves 3) for a three-layer WC/steel coating

Hence, the obtained theoretical results are in qualitative agreement with experi-
mental results.

4 Conclusions

We described a methodology and theory of the photothermal displacement method
for measuring thermal characteristics of multilayer and FGM coatings. To this end,
a coating is irradiated by repetitive pulses of a pump laser resulting in buckling of
an illuminated surface due to non-uniform thermal expansion of a coating–substrate
assembly. The monitoring beam of another laser is directed onto the heated surface
and reflected from it at a different angle ε (the principal measured parameter of the
method) depending on time and physical properties of a coating and a substrate. The
beam deflection angle is registered by a sensitive detector, and the obtained signal
is expanded in a Fourier series in order to determine the phase shift 	m (m is an
ordinal number of harmonics) between the power of a heating laser beam and the
monitoring beam deflection angle. We solved equations of thermal elasticity for a
multilayer coating–substrate assembly heated by repetitive pulses of a pump laser
using the Laplace–Hankel transform and developed the recursion procedure for deter-
mining the temperature field in the assembly, the displacement of the irradiated surface
of a coating and the phase shift 	m . Thermal properties of the coating can be deter-
mined by comparing the experimentally measured values of the phase shift with the
predicted theoretical values 	m . It was shown that the phase shift 	m is very sensitive
to variations of thermal characteristics, especially the thermal diffusivity and thermal
expansion coefficient. We determined the range of modulation frequencies (1 kHz to
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20 kHz) of the repetitive laser pulses whereby the sensitivity of the suggested method
for measuring thermal properties is maximum.
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